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Abstract. In this work, we investigate conditions under which unions of as- 
cending chains of modules which are isomorphic to direct sums of ideals of an 
integral domain are again isomorphic to direct sums of ideals. We obtain gen- 
eralizations of the Pontryagin-Hill theorems for modules which are direct sums 
of ideals of /i-local Priifer domains. Particularly, we prove that a torsion-free 
module over a Dedekind domain with a countable number of maximal ideals is 
isomorphic to a direct sum of ideals if it is the union of a countable ascending 
chain of pure submodules which are isomorphic to direct sums of ideals. 



1. Introduction 

In the last century, Lev Pontryagin and Paul Hill studied conditions under which 
torsion-free abelian groups are free. In their investigations, the concept of purity of 
subgroups was crucial. More precisely, a subgroup H of an abelian group G is pure 
if every equation of the form kx = a € H , with k S Z, is solvable in H whenever 
it is solvable in G. Equivalently, solubility in G of each system of equations of the 
form 

m 

(1) ^ fcy-Xj = a,j G -ff {i = l,...,n), 

j=i 

with every kij £ Z, implies its solubility in H. 

In 1934, Pontryagin proved that a countable, torsion-free abelian group is free if 
and only if every finite rank, pure subgroup is free [llj . Equivalently, every properly 
ascending chain of pure subgroups of the same finite rank is finite. From the proof 
of this result, it follows that a torsion-free abelian group G is free if there exists an 
ascending chain 

(2) = Go < Gi < • ■ • < G„ < . . . (n < 

consisting of pure subgroups of G whose union is equal to G, such that every G„ is 
free and countable. 

Later, in 1970, Hill established that, in order for an abelian group G to be free, 
it is sufficient that it be the union of a countable ascending chain ^ of free, pure 
subgroups jTj. In other words. Hill proved that the condition of countability on 
the cardinality of the links G„ in Pontryagin's theorem was superfiuous. The proof 
of this theorem relies on some important facts about commutative groups, one of 
them being that subgroups of torsion-free abelian groups can be embedded in pure 
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subgroups of the same rank. Applications of these criteria may be actually found 
in a variety of algebraic results [3l HI [5l [9] . 

In view of the importance of the Pontryagin-Hill theorems in algebra, it is highly 
desirable to explore the possibility to generalize these criteria to more general sce- 
narios. In this article, we generalize those results to modules which are isomorphic 
to direct sums of ideals of /i-local Priifer domains. Section [2] introduces the concept 
of balanced submodules and provides some useful criteria for balancedness. Section 
[3] serves as an introduction to /i-local Priifer domains and their properties, while 
Section 2] presents the most important theorems of this work. 

2. Balancedness 

Once and for all we declare that, throughout this work, R will represent an 
integral domain unless stated otherwise. Modules are understood to be over R 
when no other statement is done. 

A submodule N of an _R-module M is relatively divisible if the inclusion NHrAI < 
rN holds, for every r ^ R. Equivalently, solubility in M of equations of the form 
rx = a €z N , with r ^ R, implies their solubility in N . We say that N is pure in M 
if every finite system of equations 

m 

(3) '^rijXj=ai^N (i = l,...,n), 

with rij e i?, is solvable in N whenever it is solvable in M . Under these circum- 
stances, a short-exact sequence Q ^ N ^ M — s^Q— s^Ois RD-exa.ci (respectively, 
pure-exact) if is a relatively divisible (respectively, pure) submodule of M. Evi- 
dently, purity implies relative divisibility, and they both coincide for modules over 
Priifer domains [T2], that is, integral domains in which finitely generated ideals 
are projective. Moreover, Priifer domains are the only integral domains for which 
relative divisibility and purity are equivalent [2 . 

A submodule A of the i?-module B is balanced if B/A is torsion-free, and every 
rank 1, torsion- free i?- module J has the projective property with respect to the 
short-exact sequence A B ^ B /A 0. In other words, for every ho- 
momorphism (j) from J into B/A, there exists a homomorphism -0 from J into B, 
which makes the following diagram commute: 

(4) J 

4> 

^ A ^ B ^ B/A ^ 

In this context, a short-exact sequence O-^A— >C— i-Oof i?-modules, 
with A balanced in B and C torsion free, is called balanced-exact. Clearly, direct 
sums of rank 1 modules have the projective property with respect to balanced- 
exact sequences. For a list of relevant properties of relative divisibility, purity and 
balancedness of modules, we refer to [5]. 

Lemma 1. Let L be a pure submodule of the torsion-free module M , with the 
property that L is balanced in N , for every L < N < M such that N/L has rank 1. 
Then, L is balanced in M . 




UNIONS OF CHAINS OF IDEALS 



3 



Proof. Let J be a rank 1, torsion- free module, and let be a homomorphism from 
J into M/L. The image of J under </) is a submodule N/L of M/ L of rank at most 
1. By hypothesis, there exists a homomorphism ip from J into L, such that the 
following diagram with exact rows commutes: 

(5) 




M/L ■ 



Here, the homomorphisms l and t' are inclusions, and (f)' is the restriction of cj) onto 
N/L. We conclude that J is projective with respect to the sequence of the bottom 
row and, consequently, that L is balanced in M. □ 

We close this section with another criterion for balancedness. 

Proposition 2. Consider the following commutative diagram with exact rows and 
torsion-free modules: 



(6) 



0- 



L- 



N- 



M- 







0- 



■L' 









L } 



N' 



M'- 







// there exists a homomorphism p from M' to M , such that Tp = 1, and if the top 
row of is balanced- exact, then the bottom row is also balanced- exact. 

Proof. Let </> be a homomorphism from a rank 1, torsion- free module J into M'. 
Then, there exists a homomorphism a from J into N, such that aa = pcj). Clearly, 
the homomorphism ij: — fia has the property that Pip — </>, and we conclude that 
the bottom row is balanced-exact. □ 



3. /l-LOCAL DOMAINS 

An h-local domain is an integral domain R with the following properties: 

(i) every nonzero prime ideal of R is contained in exactly one maximal ideal, 
and 

(ii) every nonzero element of R is contained in all but a finite number of max- 
imal ideals. 

A valuation domain is an integral domain where ideals form a chain under inclusion; 
clearly, valuation domains have a unique maximal ideal. By a Dedekind domain we 
mean a hereditary domain, that is, a domain where all the ideals are projective. 
These two types of domains are examples of /i-local Priifer domain. 

Given two ideals / and J of an integral domain R with field of quotients Q, 
the residual of / modulo J is defined by / : J = {a G Q : a J < I}. Indeed, 
Olberding proved [10] that a Priifer domain R is /i-local if and only if (J -|- K) : 
I = {J : I) -\- {K : I), for any ideals /, J and K of R. With this characterization, 
he proves the following result, which generalizes the well-known fact that, over 
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valuation domains and Dedekind domains, pure submodules of modules "which are 
finite direct sums of ideals are direct summands isomorphic to direct sums of ideals. 

Lemma 3 (Olberding 10 ). Let R be an h-local Priifer domain, and let A be a 
pure submodule of an R-module B which is a finite direct sum of ideals of R. Then, 

(i) A is a summand of B , and 

ill) A is isomorphic to a direct sum of ideals of R. □ 

Lemma 4. Let R be an h-local Priifer domain. Every pure submodule of a module 
which is a countable direct sum of ideals of R is isomorphic to a direct sum of ideals 
ofR. 

Proof. Let us assume that M is the direct sum of the ideals In of i?, with n < uj, and 
let A be a pure submodule of M. Fix a maximal independent set {a„ : n G Z+} 
of A, and assume that, for some n < w, we have already constructed the finite 
ascending chain — Aq < Ai < ■ ■ ■ < An of submodules of A, satisfying the 
following properties, for every i < n: 

(a) Ai^i contains {ai, . . . , ai+i}, 

(b) Ai^i is a finite rank, pure submodule of A, and 

(c) Ai+i = Ai(BBi, for some submodule Bi of Ai^i isomorphic to a direct sum 
of ideals of R. 

Take a maximal independent set Yn of An , and fix a finite direct sum N of ideals 
of R in the decomposition of M, which contains the set Y U {a„+i}. Clearly, the 
purification of this set has finite rank, is contained in N and, by Lemma [31 is a 
finite direct sum of ideals of R. Moreover, An+i = An © Bn, for some submodule 
Bn of An+i isomorphic to a direct sum of ideals of R. By induction, A is the union 
of the countable ascending chain 

(7) = Aq < Ai < ■ ■ ■ < An < . .. {n<Lu). 

We conclude that A is isomorphic to the direct sum of the modules Bn, for n < oj. 
Thus, A is isomorphic to a direct sum of ideals of R. □ 

Lemma 5. Let R be an h-local Priifer domain, let M be a direct sum of ideals of 
R, and let A be a pure submodule of M . If A is the direct sum of countable rank 
submodules, then it is isomorphic to a direct sum of ideals of R. 

Proof. Assume that A is the direct sum of countable rank submodules A/^, where /3 
runs in a set of indexes A, and let A be a pure submodule of M = (Ba<nla, where 
every la is an ideal of R. Then, every A/^ is contained as a pure submodule in a 
countable direct sum of ideals of R in the decomposition of M. By LemmalU every 
A 13 is isomorphic to a direct sum of ideals of R and, consequently, A is likewise 
isomorphic to a direct sum of ideals of i?. □ 

For our next result, we employ the well-known theorem by Kaplansky which 
states that every direct summand of a direct sum of countable rank modules is also 
a direct sum of countable rank modules [8]. 

Theorem 6. Let R be an h-local Priifer domain. Every direct summand of a 
module which is a direct sum of ideals of R is isomorphic to a direct sum of ideals 
ofR. 
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Proof. If M is a direct sum of ideals of R, then it is a direct sum of countable rank 
submodules. If A is a direct summand of AI , then it is pure in M and a direct sum 
of countable rank submodules. The conclusion is achieved now by means of Lemma 

El □ 

4. Main results 

Recall that a continuous, well-ordered, ascending chain of a module M is an 
ascending chain 

(8) ^ Ao < Ai < ■ ■ ■ < Aa < Aa+i <... (a < r) 

of submodules of M such that Aa — U7<a ^7' ^'^^ every limit ordinal a < t. 

Lemma 7. A torsion-free R-module A is isomorphic to a direct sum of ideals of R 
if it is the union of a continuous, well-ordered, ascending chain (|5|) of submodules, 
such that the following properties are satisfied, for every a < t: 

(i) Aa is a balanced submodule of Aa+i, and 

(ii) Aa+i/Aa is isomorphic to a direct sum of ideals of R. 

Proof. For every a < t, the balanced-exact sequence — ?> Aa — > Aa+i — > Aa+i/Aa — > 
splits. So, there exists a submodule Ba of Aa+i which is isomorphic to a direct 
sum of ideals of R, such that Aa+i = Aa ®Ba. Then, A is isomorphic to the direct 
sum of the modules Ba and, so, isomorphic to a direct sum of ideals of R. □ 

The following is a generalization of Pontryagin's criterion of freeness to modules 
which are isomorphic to direct sums of ideals of an /i-local Priifer domain. 

Theorem 8. Let R be an h-local Priifer domain. A countable rank, torsion-free 
module is isomorphic to a direct sum of ideals of R if and only if every finite rank, 
pure submodule is isomorphic to a direct sum of ideals of R. 

Proof. Let M be a countable rank, torsion-free module, and assume that it is 
isomorphic to a direct sum of ideals of R. If A is a finite rank, pure submodule of 
M, then it is contained in a finite direct sum B of ideals in the decomposition of 
M. Lemma |3] implies that A is isomorphic to a direct sum of ideals of R. 

Conversely, let {a„ : n G Z+} be a maximal independent set in M. For every 
positive integer n, let An be the purification of {ai, . . . , a„} in M. Then, each An 
is a finite rank, pure submodule of M and, by hypothesis, isomorphic to a direct 
sum of ideals of R. In such a way, we construct a countable ascending chain ([7]) 
of pure submodules of M which are isomorphic to finite direct sums of ideals of 
R. Clearly, M is equal to the union of the links of Moreover, Lemma [3] yields 
that, for every n < uj, there exists a submodule _B„ of An+i which is isomorphic to 
a finite direct sum of ideals of R, such that An+i — An © Bn- Consequently, M is 
isomorphic to a direct sum of ideals of R. □ 

Theorem 9. Let R be an h-local Priifer domain. A torsion-free module M is 
isomorphic to a direct sum of ideals of R if it is the union of a countable ascending 
chain 

(9) = A/o < A'fi < • • • < Af„ < . . . (n <uj) 

of submodules, such that the following properties are satisfied, for every n < ui: 
(i) Mn is isomorphic to a direct sum of ideals of R, 
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(ii) Mn has countable rank, and 

(iii) Mn is pure in M . 

Proof. Fix a countable maximal independent set {a„ : n G Z+} of M, and assume 
that we have already constructed the links of a finite ascending chain 

(10) O^Ao<Ai<---<An, 

for some n < uj, such that the following properties are satisfied for every i = 1, . . . , n: 

(a) Ai is isomorphic to a finite direct sum of ideals of R, 

(b) Ai contains {ai, . . . , a^}, and 

(c) Ai is pure in M . 

Let Xn be a maximal independent set of A„, and let fc < w be such that 
contains both Xn and a„_|_i. Clearly, An + a„+i_R is contained in a finite direct 
sum An+i of ideals in the decomposition of Mfc. Using induction, we construct a 
countable ascending chain ([7]) of finite rank, pure submodules of M which are finite 
direct sums of ideals of i?, and whose union is equal to M. Lemma [3] implies that 
An+i — An ® -Bji, for every n < uj, where -B„ is isomorphic to a finite direct sum of 
ideals of R. It follows that M itself is isomorphic to a direct sum of ideals of R. □ 

A G{)Xo) -family of an i?-module M is a family B consisting of submodules of M, 
with the following properties: 

(i) 0,Af eS, 

(ii) B is closed under unions of ascending chains of arbitrary lengths, and 

(iii) for every Aq G B and every countable set H C M, there exists A £ B 
containing Aq and H, such that A/Aq is countably generated. 

Clearly, an intersection of a countable number of G(Ho)-families of submodules of M 
is again a G(Ho)-family of submodules of M . The 'rank version' of this definition 
is called a G(Ho)'-family. More precisely, a G{)^q)' -family of M is a family B of 
submodules of M, satisfying (i) and (ii) above, in addition to the property: 

(iii)' for every Aq £ B and every countable set H C M, there exists A € B 
containing Aq and H, such that A/Aq has countable rank. 

A G(Ko)-family of submodules of AI is a tight system if, in addition, it satisfies: 

(iv) for every A e B, pd^yl < 1 and pd^(M/y4) < 1. 

It is worth noticing that every module has a G(Ho)-family of submodules, namely, 
the collection of all its submodules. However, not every module has a G(Ho)-family 
consisting of pure submodules. Nevertheless, Bazzoni and Fuchs proved [T] that 
every torsion-free module of projective dimension at most equal to 1 over a valuation 
domain has a tight system consisting of pure submodules. 

It is important to recall that valuation domains have a unique maximal ideal. 
Moreover, localizations of Priifer domains are again Priifer domains and, particu- 
larly, localizations of Priifer domains at prime ideals are valuation domains. As a 
consequence, every torsion-free module of projective dimension at most 1 over a 
Priifer domain with a countable number of maximal ideals has a G(Ko)-family con- 
sisting of pure submodules. Indeed, let M be a torsion-free i?-module of projective 
dimension at most 1, where i? is a Priifer domain with a countable number of max- 
imal ideals. For each maximal ideal P of R, let Bp be a G(Ko)-family of pure sub- 
modules of the localization of M with respect to P, and let Bp — {AOAI : A G B'p}. 
The desired family is the intersection of all the families Bp. 
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We prove next a generalization of Hill's theorem to modules which are isomorphic 
to direct sums of ideals of ft,-local Priifer domains. 

Theorem 10. Let R he an h-local Priifer domain. A torsion-free module M is 
isomorphic to a direct sum of ideals of R if it is the union of a countable ascending 
chain (0) of suhmodules, such that the following properties are satisfied, for every 
n < uj: 

(i) Mn is isomorphic to a direct sum of ideals of R, 

(ii) Mn+i/ Mn has a G{^o)-family Cn of pure suhmodules, and 

(iii) Mn is pure in M. 

For each n < lu, the module Af„ can be written as the direct sum of i?-modules 
I^, with a in some set of indexes r2„, each of which is isomorphic to an ideal of R. 
The collection B„ of suhmodules of M of the form ®aeA^", for some A C J7„, is a 
G(Ho)'-family of pure suhmodules of M„, for every n < u. Moreover, the collection 



is a G(Ko)'-family of pure suhmodules of M , such that for every n < uj and every 
A € Bn, the module A + Mn is pure in M. 

Lemma 11. For every A ^ B, finite rank, pure suhmodules of M/A are isomorphic 
to direct sums of ideals of R. 

Proof. Let 13 be a submodule of M containing A, such that D/A is a finite rank, 
pure submodule of M/A, and choose a countable set of representatives S C D of 
a maximal independent system of D modulo A. Let fc < a; be an index such that 
5" C Mfe. Since A + Mk and D are pure in M, then A+{Dr\Mk) = Dr\{A + Mk) is 
a pure submodule between A and D which contains S, so that D — A + {D D M^). 
Now, A n Mk belongs to B'^. and, consequently, it is a direct summand of Mk, 
say, Mk ^ {Ar\ Mk) © B, for some submodule B of Mk- Therefore, D n Mk = 

{AnMk)®{BnD). 

Being isomorphic to a submodule of a finite rank module, C = B D D is a finite 
rank, pure submodule in the module Mk which, in turn, is isomorphic to a direct 
sum of ideals. So, C itself is isomorphic to a direct sum of ideals by Lemma [3l 
Moreover, since 



The following result is a consequence of the proof of Lemma 1111 
Lemma 12. Every A E B is a balanced submodule of M . 

Proof. Since A is a direct summand of every submodule D of M for which D/A 
has rank 1, then A is balanced in D. The conclusion of this result follows now from 




is a G(Ho)'-family of pure suhmodules of M„. Furthermore, the class 
(12) B = {A< M : AnMn e B'n, for every n < u} 



(13) D = A+{Dn Mk) = (A + (A n Mk)) ®C^A®C, 

D/A is isomorphic to a direct sum of ideals. 



□ 



Lemma [T] 



□ 



We are now in a position to prove our generalization of Hill's theorem to modules 
which are isomorphic to direct sums of ideals of /i-local Priifer domains. 
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Proof of Theorem lKA Let a be any nonzero ordinal, and assume that we have al- 
ready constructed the links of the continuous, well-ordered, ascending chain 



of modules of B, such that A^^i/A^ is isomorphic to a direct sum of ideals of R, 
for every 7 < a. If a is a limit ordinal, we let Aa be the union of the links of 
chain HH). Otherwise, a is the successor of an ordinal number f3. If there exists 
X G AI\Ai3, then there exists Aa E B containing both x and Aj^, such that Aa/Ajs 
has countable rank. Finite rank, pure submodules of Aa/Ap are isomorphic to 
direct sums of ideals of R by Lemma [H] thus Aa/Aj^ itself is a direct sum of ideals 
of R by LemmaEl In such way, we construct a continuous, well-ordered, ascending 
chain (|5]) satisfying the hypothesis of Lemma [71 We conclude that M is isomorphic 
to a direct sum of ideals of R. □ 

Since Dedekind domains are /i-local Priifer domains for which every ideal is 
projective, we have the following obvious improvement of Theorem 1101 

Corollary 13. Let R be a Dedekind domain with a countable number of maximal 
ideals. The torsion-free module M is isomorphic to a direct sum of ideals of R 
if it is the union of a countable ascending chain ^ of submodules, such that the 
following are satisfied, for every n < uj: 

(i) Mn is isomorphic to a direct sum of ideals of R, and 

(ii) Mn is pure in M . 

Proof. For every n < lu, M„+i/AIn is a torsion-free module of projective dimension 
less than or equal to 1. The observation preceding Theorem 1101 implies now that 
every factor module of ([9]) admits a G(No)-family of pure submodules. By Theorem 
[TOl M is isomorphic to a direct sum of ideals of R. □ 

It is worth noticing that the conclusion of Corollary [13] is reached if, in particular, 
the links M„ are free modules. Moreover, it is easy to check that if M is a torsion- 
free module over an integral domain R which is the union of the countable ascending 
chain ((9|) of projective, pure submodules, then there exists a chain 



consisting of free i?-modules, such that: 

(a) every F„ is pure in F„+i, 

(b) every Fn contains Mn as a direct summand, say, Fn — Mn ® Km 

(c) M is a direct summand of F = UrKw ^n, and 

(d) {Kn}n<u} may be chosen to form an ascending chain under inclusion. 
The proof of the next result is now straight-forward. 

Corollary 14. Let R be a Dedekind domain with a countable number of maximal 
ideals. The torsion-free module M is projective if it is the union of a countable 
ascending chain ^ of projective, pure submodules. □ 
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(14) 



Ao<Ai<-- - <A^ <A. 



-7+1 < ■ . • (7 < a) 



(15) 



Fo<Fi<--- <Fn< ... [n<Lo) 
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